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Introduction Use of standard elements 
The Boundary Element Method (BEM)’ requires the 
evaluation of integrals of the form: 
Now we show that Z,(f, y) can be computed via the 
standard triangle and square. Since in what follows the 
collocation pointy is assumed fixed we transform the 
coordinate system in order that this point becomes the 
origin. Therefore we drop all the references toy and 9 in 
the notation. 
(1) 
Here f is a continuous function of position x in the space 
R3 and r(x,u) = lx,r 1 is the Euclidean distance between 
the current point x and the collocation pointy. In the 
context of the BEM, R is a surface in R3 formed of 
elements &, i.e. : 
E 
i-2= i& with means (52, n a,) = 0 VI + e (2) 
e=l 
where E denotes the number of elements of the mesh. 
Hence expression (1) can be written as: 
E 
z(f9U) = C ze(f,Y) 
e=1 
with : 
ze(f2Y) = ___ x s r(xly) f( ) 
a, 
(34 
(3b) 
Ify does not belong to Q, the integrand in the right- 
hand-side of (3b) is bounded in Sz, and the usual Gaussian 
quadrature rules can be applied. However, ify belongs to 
St, the integrand becomes unbounded asx +y. Since the 
accurate evaluation of such singular integrals is crucial for 
the precision of the BEM, we must resort to analytical 
integration or to special numerical integration formulae. 
Some quadrature formulae of degree one, three and five 
taking the l/r singularity into account have already been 
devised.2 In this paper we develop several degree two 
formulae for the standard triangle and square with a l/r 
singularity sitting on a vertex or on a midside point. For the 
sake of completeness we have also recomputed the 
numerical integration formulae of reference 2 for the stan- 
dard triangle and square with the exception of the fifth 
degree formulae. 
Let us denote by 5, the standard triangle or square, as 
the case may be, and by & the isoparametric mapping3 
transforming Sz, and Q one by one, that is: 
x = tit?(i) G? = A?(~) (4a) 
A? = &i(x) ti = $J,‘(R,) (4b) 
We assume further that & is a Cm-diffeomorphism, and 
denote by D+,(k) its derivative at point 2. By introducing 
an appropriate basis D#e(.?) can be represented by a Jacobian 
matrix whose determinant is the Jacobian: 
Z&i?)= [ det(z(i))/ 
By the usual change of variable rule for integrals (3b) can 
be set as: 
(64 
Multiplying and dividing the above integrand by IfI we also 
have that: * 
ZJf) = s L I 
This trick allows one to write expression (6b) as: 
4X.0 = L(g) 
where : 
Ua) 
g(4 = 
Ial 
-f(@&)? Jr(i) 
IA?@)I 
(7b) 
(7c) 
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Rcesearcb ?-ilD're 
ItAremains to be shown that the function &) belongs to 
C-(;ll. By a Taylor expression of $‘@?I around the origin 
wee have: 
_i? - 0 = &i(x) - Q(O) = D$,‘(O + e(x - O))(x - 0) 
@a) 
for some B such ttrat 0 < 19 < 1. Simplifying we a& tam: 
f = &i(x) = D&i(ex) x (gb) 
then : 
1x1 WI 
-=-= lD#J;l(ox)I 
El Ih?WI 
and, by taking limits on both sides of this relation we 
obtain : 
lim El - = lDc#l~-,‘(O)I < 00 
x+0 IQ&)I 
(8~) 
(84 
because of the assumed properties of the &e(i) map. 
We can also show that the function g(i) is as smooth as 
the function f(x). 
Since the Jacobian Z,(i) is assumed to be smooth, it 
remams to show that the term (A? l/l G,(k) I belongs to 
C”(Q). Putting: 
Ii_) 
h(i) = - 
l@&>I 
Pa) 
we have by simple manipuIations: 
1 P 1 
Dh(?) = - - - ---D(l A?w I> 
I&?(*)I 121 lA?(~)12 
@b) 
(9c) 
Noting that: 
lDh(zt)~il 
PG~I = I~, 
expression (SC) yields: 
JDh(i) 1 = hZ(i) 
M4I - wh?wI 
Ii I2 
>a - 
(94 
(se> 
Now, since by definition of the derivative, the term within 
brackets on the right hand side of the expression above is 
bounded, and so is h(i) as we have shown previously, the 
quantity IDh( is also bounded. Proceeding in the same 
manner for higher order derivatives we can conclude that 
the function g(i) belongs to C”(6). Therefore, the degree 
of the numerical integration formulae it not limited by lack 
of smoothness of this function, provided we take the term 
l/la I as a weight in the development of such formulae. 
Development of formulae 
All the integration formulae presented here were obtained 
via the directed method as opposed to the method of ortho- 
gonal polynomials.4 Now let us consider any one of the 
regions depicted in Figure 1. Resorting to a more approp- 
riate notation we define: 
qx’yi) = Zjj = s 1 - r(x, Y) x’y’ dx dy (IO) 
h 
TV 
A 
Yb 
I 
* 
X 
e 
CiV 
TM 
x 
Y 
t 
QM 
Figure 7 Description of configurations, (0) denotes position of 
singularity 
where r(x, y) represents the Euclidean distance from point 
(x, y) to the singuIarity. 
Thus, following Stroud4 (ch. 3) degree one formulae 
require one integration point whose coordinates (xi, yr) 
and weight wi are to be found through the equations: 
wr =z, (1 la) 
WlXl = Zlll (1 lb) 
‘WlYl = 101 (IIC} 
For second degree formulae the minimum number of 
integration points is three and their coordinates and weights 
obey the system of nonlinear equations: 
CWi= 1 (I2a) 
EWiXi =I10 (12b) 
ZWjyi = IO1 (12c) 
ZWiXf = I20 (124 
ZWiXiyi = 111 (12e) 
ZWj_Yf = IO2 (12f) 
where the index i in all the summations runs from 1 to 3. 
Taking symmetries into consideration it is possible to 
reduce the number of equations by a change of coordinates. 
For the other degree formulae we proceeded identically, 
i.e., by setting up a system of nonlinear equations. 
To determine the integration points coordinates and 
weights we have thus to compute the right hand sides Zii. 
Besides being laborious this presents no further difficulty. 
Whenever possible we solved the final systems analytically 
- this happened only for the most simple cases of one 
degree and some two degree formulae. The remaining 
systems of nonlinear equations were solved by Brown’s 
method,’ using double precision arithmetic (64 bit words). 
The results obtained are grouped in the following table. 
The notation TV1 , for instance, designates a formula of 
degree 1 for the configuration TV shown in Figure I, TM3 
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Coordinates and weights of numerical integration formulae Coordinates and weights of numerical integration formulae 
(standard triangle) (standard square) 
Formula Coordinates i; Coordinates q; Weights Wi 
TV1 0.25 I’, =P, 1.24645048 
TV2’ 0.16666667 3, =i, 0.93483790 
0.81742619 0.18257381 0.15580629 
i, = I;, 3, = ii, w, = w, 
TV2” 0.53764799 li, =i, 0.25071485 
0.0 0.35514705 0.49786782 
t, = 3* 3,=i * w,=w, 
TV3 0.16385495 0.04756957 0.31161231 
0.61114353 0.17753138 0.31161293 
i, = 3, 3,=a, w,=w, 
i, = 3, p,=ii2 w,=w* 
TM1 0.125 q, =,?, 1.762747 17 
TM2’ 0.28295366 )?,=i;, 1.01519055 
0.24706775 0.75293225 0.37377831 
P, = li, li,=i, w,=w, 
TM2” 0.4680557 1 i, = 2, 1.00578450 
0.50271173 0.0 0.37848134 
i, = qz q,=i, w,=w, 
TM3 0.073328962 0.33623395 0.25051549 
0.26640495 0.61878355 0.63085610 
is = 3, 3, = i, w, = w, 
i, =q, P,=R, w, = w, 
Formula Coordates, li Coordinates, ~?i Weights, Wi 
QVl -0.26501817 
QV2’ -0.58105530 
1.0 
i, = q2 
3, =i, 3.52549435 
p, =i, 2.37881900 
-0.21877566 0.57333767 
p, = i, w,=w, 
QV2” 0.39666491 
-0.15632872 
ii, = 3, 
3,=i I 0.13250102 
-1.0 1.19649666 
3,=a, w,=w, 
QV3 -0.37512304 
0.69629093 
2, = 3, 
i, = 3, 
QMI 0.0 
QM2’ 0.0 
0.76138824 
i, = R, 
-0.92928746 
-0.15602536 
3,=a, 
3, =i 2 
-0.34313433 
1.02276580 
0.73998134 
w, = w, 
w, = w, 
4.81211825 
0.13130626 2.79404031 
-1.0 1.00903897 
3, = P, w, = w, 
QM2” 0.0 
1 .o 
P,= -1, 
-0.65952349 3.64221415 
0.64186697 0.58495205 
P, = 3, w,=w, 
QM3 0.44855808 
0.57322583 
& = i, 
iq= -P, 
-0.73405341 
0.45407346 
3, = 3, 
3, = 3, 
1.61441436 
0.79164476 
w, = w, 
w, = w, 
a formula of degree 3 for configuration TM of Figure 1, 
etc. When several formulae were found for the same degree 
they are distinguished by use of primes, as is the case with 
the second degree formulae. 
Mechanics of the Technical University of Lisbon. 
References 
All the formulae presented exhibit positive weights and 
integration points inside the region of integration, with the 
exception of formula TV2”. Point 1 of this rule lies slightly 
outside the triangle and for this reason we do not recom- 
mend it. 
Brebbia, C. A. and Walker, S. ‘Boundary element techniques in 
engineering’, Newnes-Butterworths, London, 1980 
Cristescu, M. and Loubignac, G. In ‘Recent advances in boun- 
dary element methods’ (ed. Brebbia, C. A.), Pentech Press, 
London, 1978 
Acknowledgement 
This work was jointly supported by a NATO Research Grant 5 
and by the Centre for Applied Thermodynamics and Fluid 
Zienkiewicz, 0. C. ‘The finite element method in engineering 
science’, McGraw-Hill, London, 1971 
Stroud, A. H. Approximate calculation of multiple integrals, 
Prentice-Hall, Englewood Cliffs, USA, 1971 
Brown, K. M. In ‘Numerical solution of systems of nonlinear 
algebraic equations’ (ed. Byrne, G. B. and Hall, C. A.), Academic 
Press, London, 1973 
Research Note 
Appl. Math. Modelling, 1981, Vol. 5, June 1981 211 
